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ABSTRACT 


We describe free differential algebras for non-abelian one and two form gange potentials 
in four dimensions deriving the integrability conditions for the corresponding curvatures. We 
show that a realization of these algebras occurs in M-theory compactihcations on twisted 
tori with constant four-form flux, due to the presence of antisymmetric tensor fields in the 
reduced theory. 


1 Introduction 


Flux compactifications on twisted tori provide interesting examples of string and M—theory 
compactifications where most of the moduli helds are stabilized 121131110011113. Particular 
cases of such compactihcations include heterotic string, type II orientifold models and M- 
theory in the presence of constant p-form fluxes (where p depends on the particular string 
model and p = 4 in M-theory). When fluxes and (or) Scherk-Schwarz geometrical fluxes 
are turned on, interesting gauge algebraic structures emerge which in most cases have the 
interpretation of a gauged Lie algebra 0 0113 [mini. 

In this case the Maurer-Cartan equations (zero curvature conditions) read 

+ = ( 1 . 1 ) 

where integrability implies the Jacobi identities 

/^[sr/’^A]A = 0. (1.2) 

This comes from the vanishing of the cubic term 

SA^ = -1 A A = 0. (1.3) 

When fundamental tensor helds are present in the theory, in absence of gauge couplings 
in the supergravity theory, one can transform them into scalars and this is the way the full 
duality symmetry (sometimes called U-duality) is recovered. However, in presence of non- 
abelian gauge couplings, an obstruction can arise in the dualization of such antisymmetric 
tensors, so that the theory only preserves some subalgebra of the full duality group. More¬ 
over, the gauged algebra structure may be more complicated than an ordinary Lie algebra 
and in fact, as noted in ng for generic Scherk-Schwarz and form hux couplings it turns out 
to be a Free Differential Algebra (FDA) [13 El El El El • 

In the case of M-theory, we will show that its Maurer-Cartan equations are equivalent 
to the integrability conditions for the 4-form Gjjkl and for the vielbein 1-form in D = 11. 
This also will explain how the Lie algebra part of the Free Differential Algebra is deformed 
in the presence of generic Scherk-Schwarz and form flux couplings. 

2 The Free Differential Algebra and its Maurer-Cartan 
equations 

The generalization of (CH) to a Free Differential Algebra including 2-form gauge helds 
consists of the following (zero-curvature) system 

^A = 0, (2.1) 


1 


( 2 . 2 ) 


'hii — dBi + (T\)d A Bj + ki\-£rA^ A A^ A A^ — 0, 

where /^sr, (Ta)^, and A;jAsr are the structure constants of the FDA. 

The integrability condition of this system comes from the Bianchi identities 


= 0, (2.3) 

dU^ = 0. (2.4) 

From o, by setting to zero the terms proportional to A^ and A A B polynomials we get 

/'''s[r/^nA] + 2m^*fcjrnA = 0, (2.5) 

/Vm^^ + m^*(Tr)d = 0, (2.6) 

respectively. From dZl we get three conditions from the vanishing of the terms proportional 
to B A B, B A A A A and from A"^ terms: 

= 0, (2.7) 

- 2(rp)i"(Tr])fc^' + 6m^^A,Asr = 0, (2.8) 

3/^[sr^inA]A — 2(Tn)dfcjErA] = 0. (2.9) 


When = 0, the condition ra implies for the A^ the ordinary Lie algebra Jacobi 
identities. Equation dZHI) tells us that (T\)d is a representation of the Lie algebra and 
()2.9j) states that A:jAsr is a cocycle of the Lie algebra. When m^^kirnA 7^ 0 ()2.5j) gives the 
departure from an ordinary Lie algebra for the / structure constants. 

3 FDA from M—theory on twisted tori with fluxes 

As an example of a concrete realization of the Free Differential Algebra (inD-(EI2D , we 
will now describe the one obtained by compactihcation of M-theory on twisted tori in the 
presence of fluxes considered in nm. The compactihcation of M-theory to 4 dimensions 
provides 28 vector helds Gj^, A^u and 7 2-form tensor helds A^^j. This means that we can 
identify the generic indices A,i of our FDA as follows A = {/, JJ}, i = I. Furthermore one 
has to write the single indices /, J in the same position as A, i, but the antisymmetric couples 
JJ, KL, . .. are written as upper indices if A, S,... are lower ones and as lower indices if 
A, S,... are upper ones. 

If one considers hrst the case when only form huxes are turned on, the Lie algebra is 

[Zi,Zj] = QuklW^^ 

[Zi,W'^^] = = 0, 
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which is the central extension of an abelian gauge algebra. In this case the only non-vanishing 
structure constants are ng 


fA 

J sr 

— f[IJ]KL — giJKL 1 

(3.2) 

kiAsr 

— 1 

I') 

(3.3) 


while = 0. It then follows that (I2.5p and (I2.6p are trivially satished and Qukl 

is arbitrary. This result is a consequence of the very degenerate structure of the Lie algebra 

(HH). 

An intermediate richer example comes in the case of Scherk-Schwarz fluxes r/j and 
vanishing 4-form flux. This is the case considered in the pioneering papers of Scherk- 
Schwarz [H I21- In this case fcjAsr = 0, but and (Ta)^ do not vanish. In fact, the 
non-vanishing parts of these structure constants are 

^ g for A = [/J], i = K, rriij^ = rfj, (3.4) 

(rA)dVO forA = J, t = J, j = K, {Ti)j^ = -Tfj. (3.5) 

The other non-vanishing structure constants occur for /^sr when 

A = I,E = J,T = K fjK = r^jK 

A = [/J], E = K, r = |LM| /[„! 

In this case (EH) is identically satished and (ESD, (EHD are identical to (Q, which reads as 
~ Note that corresponds to a “magnetic”’ mass term for the held. 

The /^sr structure constants in (EISl) dehne the Scherk-Schwarz algebra for M-theory: 

= 0 , 

[Zi,Zj] = t^jZk, (3.7) 

[Zi,W-^^] = 2rJ'[lT^T. 

Let us now consider the general case when both r/^ and Qijkl are non-vanishing. In 
this case the last term in (E3D is non-vanishing for A = [IJ], H = K, T = L and fl = M. It 
reads 

TuQklmn- (3.8) 

If this term does not vanish the / structure constants do not dehne a Lie algebra. In this 
case (ESD (as also m) becomes 


iv n 

'T[IjgKLM]N — U. 


(3.9) 
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This condition has the ll-dimensional interpretation of the integrability condition of the 
4-forni held strength mil. 

All other equations are satished as a consequence of the r Jacobi identities ~ 0- 

These follow from by taking A, S,r,n = IJKL. It is obvious that if the stronger 
condition holds then the /^sr dehne an ordinary Lie algebra. This happens if the 
Scherk-Schwarz huxes rfj have the K index complementary to the hux coupling Qukl- 
This can actually be realized in certain type II orientifold models. 

To summarize, we have shown that for generic Scherk-Schwarz couplings and 4-form 
hux gijKL, the M-theory gauge algebra is a Free Diherential Algebra rather than an ordinary 
Lie algebra. The equations 


M L 
^[IJ‘K]M 

^[IjgKLM]N 


= 0 , 

= 0 , 


(3.10) 

(3.11) 


are the integrability conditions for the FDA. When the stronger condition r^jgxLMN = 0 
holds then the /^sr dehne an ordinary Lie algebra whose commutators read jlUj 


[Zi^Zj] = gijKiW^^ + TfjZK, 

[Zi,W-^^] = 2r{ihF^l^, 


(3.12) 


It is interesting to note that in M-theory compactihed on a twisted torus with 4-form hux 
turned on and gpQRs have the physical interpretation of magnetic and electric masses 
for the antisymmetric tensors Bj. This is clear looking at the covariant held strength 

This expression appears quadratically in the (kinetic parto of the) lagrangian together with 
the coupling 

gijKLBM ^ , (3.14) 

which comes from the 11-dimensional Chern-Simons term F A F A A. It is amusing to note 
that the consistency condition HHiiini for electric and magnetic contributions to the mass is 
in this case a consequence of dSH). 

The M-theory FDA also includes a 3-form gauge held C which is a singlet. The zero- 
curvature condition for this 3-form is 


dC + Bi A Bj + m\^A^ A A^ A Bi + t^A^ AC + k^pp/^A^ A Al" A A A^ = 0. (3.15) 

In the M-theory FDA, the only non vanishing terms are kjjxL ^ giJKL and ~ 
with all the other components and and vanishing. In this case the Bianchi identity is 
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trivially satisfied because a 5-form in D = 4 identically vanishes. However, the curvature of 
C can be determined by demanding its full invariance under all gauge transformations. 

4 Non—zero curvature case 

The previous Maurer-Cartan equations (ini)-(i2i2i), which entail the “structure constants” 
relations (jznii-dzsD can be lifted to non-zero curvature, so obtaining covariant Bianchi 
identities for the curvatures. In the case of M-theory with Scherk-Schwarz fluxes turned on 
this procedure essentially reproduces the covariant curvatures G of section 3.4 of [2]. When 
also the constant 4-form fluxes Fjjkl = Qijkl are turned on, then one gets generalized 
curvatures which are covariant under the combined 1-form and 2-form gauge transformations 
considered in section 2 of HU- 

An interesting new feature of the curvatures is the presence in Ti/ of a “contractible 
generator” na, i.e. in physical language, of a curvature itself (which also exists in the 
ungauged theory) 


Ft I — dBj + A A/j, 


(4.1) 


where = dA'^. This is a kind of Green-Schwarz (mixed) Chern-Simons term which mod- 


ihes the gauge transformations of Bj so that is invariant under the gauge transformations 


5Bj = dAj — , 6A^ = du^, dAjj = dejj. 


(4.2) 


The (ungauged) Bianchi identity is now 


dTii = A J-jj, 


(4.3) 


which satishes d^Tii = 0 and is also invariant under the gauge transformations dOl). 


Let us now consider the case when Qijkl 7^ 0 (but r/j = 0), so that 


Fij = dAjj + - qijklA^ a A^, = dA^. 


(4.4) 


Then the Tii curvature reads 



and the coefficient of the FAA term is hxed, relative to the A^ term in such a way that dTij = 
F^ A Fij. Now 7-f/ and its Bianchi identity are invariant under the gauge transformations 



(4.7) 

(4.8) 


bAij = deij — gijKL^^ A^. 
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Analogously, the threefold antisymmetric tensor C curvature is 

dC - ^ Bi + qijklA^ AA-^ a a A^, (4.9) 

which is invariant under the gauge transformations 

5C = + AAi--gijKLCO^ AA-^ AA^ AA^, (4.10) 

6 

SBj = dAi — eijT^ + - gMijxA^ A A^, (4-11) 

5A^ = du^. (4.12) 


Note that the dC held strength is a Lagrange multiplier and can be algebraically eliminated 
from the lagrangian giving a contribution to the scalar potential. 

5 Concluding remarks 

In the present paper we have considered the Free Differential Algebra which comes from M- 
theory compactihed on a twisted torus with constant 4-form huxes. This is just a special case 
of the Maurer-Cartan equations described by (|ni)-(E3). A similar situation arises in type 
IIA theories since in this case charged antisymmetric tensor helds are also present. However, 
in this case one can hnd a particular set of geometrical huxes which can be consistently set 
to vanish and then the Lie algebra structure is recovered because the condition 

= 0, (5.1) 

is satished. Such examples were described in HD], 

The FDA given by the system of curvatures Tii can be recast in the form of an 
ordinary Lie algebra if (some of the) Bi are redehned so that the quadratic term in A^ A A^ 
is absorbed in the new B^ HB]. This can be done at most for rank(m) tensors helds, which 
can be the same as the range of the i indices provided that this is smaller than that of the 
vector helds A, as in the M-theory case. Explicitly, for those Ba for which the subblock 
is invertible, one can introduce the dehnition (A = {a, A}) 

i A A^, (5.2) 

so that the new zero curvature conditions read 


dBa 

= 0, 

(5.3) 


= dA" + = 0, 

(5.4) 


= dA^ + ^f^BcA^ AA^ = 0. 

(5.5) 
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The new Lie algebra is defined by the structure constants f^BC and this is obtained by 
deleting the A°‘ generators from the original algebra. This is the quotient of the original 
algebra with the subalgebra related to the A" vectors. It is an obvious consequence of the 
Jacobi identities for that /"^ae = 0 whenever A or S take values in the a range. 

In the M-theory case, the rank of is encoded in the Scherk-Schwarz fluxes r/j 
regarded as a 7 x 21 triangular matrix. A quadratic submatrix can have at most rank 7 
so the Lie algebra spanned by the is at least 21-dimensional. When describing the 
algebra in terms of its generators, one must delete the generators whose gauge fields 

are absorbed by the antisymmetric tensors. The resulting Lie algebra is obtained by all Zk, 
generators but the , which is an Abelian subalgebra. A simple example is the 
case when correspond to a “fiat group”. In this case Bj = {Bq, Ba} and A^ = {A", A^}, 
with A" = Aoq, and A"^ = {A°, A", Aq,^}. The original structure constants follow from 
where a, {3 = 1,... ,6, and t is an invertible antisymmetric matrix, (this 
means that the 3 skew eigenvalues are non-zero). The redefined tensor fields are 


Bql — Aps A A^ + Aoa A A^ + Ba, 

(5.6) 

Bq = Bq — A" A Aqo,, 

and the zero curvatures conditions read 

(5.7) 

o' 

o 

(5.8) 

dA* + t“^A° A A^ = 0, 

(5.9) 

dAoo, + t^aBj3 = 0, 

(5.10) 

dAafj + 27^[q,A*^ a A^]^ = 0, 

(5.11) 

(IBa = 0, 

(5.12) 

(IBq — a A^ A A''' A Ap^ = 0. 

(5.13) 


Note that the Jacobi identities of the r do not set any constraint on the t matrices. If we 
split the generators into Zq, Zq, hL°", IT“^, it is immediate to see that the index a goes 
over six values and the gauge fields A^oa disappear from the gauge algebra. The generator 
algebra becomes then 


[Z„, = 2Tlqv'>h, 

= lz„,Z;3] = = 0, 


(5.14) 


which is the usual (22-dimensional) fiat Scherk-Schwarz algebra. This algebra becomes 24 or 
26 dimensional if one or two eigenvalues of the t matrix vanish. The same reasoning applies 
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when form fluxes are present. In this case the commutators of the Za are not vanishing and 
the gauge algebra get modihed. 

Note that the physical interpretation of this reduction of the FDA to a minimal part 
and a contractible one OBI corresponds to the anti-Higgs mechanism where antisymmetric 
tensors absorb vector helds to become (dual to) massive vectors. The quotient Lie algebra 
is the unbroken gauge algebra. It is interesting to see that, due to the cubic terms of the 
1-forms in the Tij curvature (this only happens when the 4-form flux is present), the 
quadratic part of the curvature does not correspond to an ordinary Lie algebra before 
the quotient has been taken. 

Another interesting generalization is to extend such FDA to the fermionic sector of the 
theory, since the D = A theory has N = 8 local supersymmetry. Such program was originally 
carried out in D=ll in m and its extension to the present compactihcation should be 
possible. 

We hnally remark that the different structures of the 4-dimensional effective theories 
obtained when the gauge algebra is a FDA or an ordinary Lie algebra are reflected in different 
scalar potentials. This fact may have important consequences when looking for complete 
moduli stabilization in such compactihcations. 
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